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This paper deals with situations that illustrate how the violation of Lorentz symmetry in the
gauge sector may contribute to magnetic moment generation of massive neutral particles with spin-
1
2
and spin-1. The procedure we adopt here is based on Relativistic Quantum Mechanics. We
work out the non-relativistic regime that follows from the wave equation corresponding to a certain
particle coupled to an external electromagnetic field and a background that accounts for the Lorentz
symmetry violation, and we read thereby the magnetic dipole moment operator for the particle
under consideration.We keep track of the parameters that govern the non-minimal electromagnetic
coupling and the breaking of Lorentz symmetry in the expressions we get for the magnetic moments
in the different cases we contemplate. Our claim is that the tiny magnetic dipole moment of truly
elementary neutral particles might signal Lorentz symmetry violation.
PACS numbers: 11.30.Cp, 12.60.Cn,13.40.Em.
I. INTRODUCTION
Lorentz-violating theories have been extensively studied and used as an effective probe to test the limits of
Lorentz covariance. Nowadays, these theories are encompassed in the framework of the Extended Standard
Model (SME), [1], as a possible extension of the minimal Standard Model of the fundamental interactions. Such
kind of idea has driven much attention mainly after some authors argued the possibility of Lorentz and CPT
spontaneous breaking in the context of string theory [2]. The SME is the suitable framework to investigate
properties of Lorentz violation on physical systems involving photons [3], [4], radiative corrections [5], fermions
[6], neutrinos [7], topological defects [8], topological phases [9], cosmic rays [10], supersymmetry [11], particle
decays [12], and other relevant aspects [13], [14]. The SME has also been used as a framework to propose
Lorentz symmetry violation [15] and CPT [16] probing experiments, which have amounted to the imposition of
stringent bounds on the Lorentz-symmetry violating (LV) coefficients.
To take into account how this violation is implemented, in the fermion sector of the SME, for example,
there are two CPT-odd terms, vµψγ
µψ, bµψγ5γ
µψ, where vµ, bµ are the LV backgrounds. The modified Dirac
theory has already been examined in literature [17], and its non-relativistic limit, with special attention to the
hydrogen spectrum [18] is realized. A similar study has also been developed for the case of a non-minimal
coupling with the background, with new outcomes [19]. Atomic and optical physics are other areas in which
Lorentz symmetry violation has been intensively studied. Indeed, there are several works examining Lorentz
violation in electromagnetic cavities and optical systems [20], [21], which contributed to establish upper bounds
on the LV coefficients.
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2Works by Belinfante, Case, Fronsdal and Schwinger in the fifties [22], and Yang and Lee in the early sixties,
[23], came to the general result that charged truly-elementary particles, coupled to the electromagnetic field,
exhibit a gyromagnetic ratio given by the inverse of its corresponding spin. For spin-half particles, described
by the Dirac field, this is a well-celebrated result. However, for higher spins, this general result is not correct.
Indeed, theoretical evidences, based on the high-energy behavior of amplitudes and unitarity bounds [24] and on
the dynamics of higher-spin particles propagating in electromagnetic backgrounds as dictated by string theories,
indicate that, for charged genuinely elementary particles, the gyromagnetic ratio is always 2, no matter what
the spin of the particle is. For charged spin-1 vector bosons, like the W-particles of the electroweak interactions,
the value 2 is reconciled by means of the Yang-Mills interactions that yield a non-minimal (but renormalisable)
coupling between the electromagnetic field-strength and the potentials associated to the charged bosons [25].
Charged spin-1 matter fields with self-interactions and topological terms have been studied to provide a possible
microscopic description for the origin of Lorentz symmetry violation[26].
In our contribution, we reassess this issue in an environment dominated by a background vector that
parametrises a tiny violation of Lorentz symmetry. We come to the conclusion that, also independently of
the spin of the particle, the Lorentz-symmetry violating background vector may yield the same contribution to
the magnetic moment and the Aharonov-Casher phase of the particle, even if it is electrically neutral; when-
ever a particular non-minimal coupling of the particle to the electromagnetic field and the Lorentz-breaking
vector is considered. Everything goes as if Lorentz-symmetry violating background endows each elementary
particle, even those spinless and electrically neutral, with a universal contribution to its magnetic moment and,
consequently, to its Aharonov-Casher phase. In this context, we come back to the interesting question that
concerns the magnetic properties of neutrinos[27]. Incidentally, from Neutrino Physics, more specifically, from
the observation of non-zero neutrino masses, there emerges a striking evidence in favour of a Physics Beyond the
Standard Model[28]. More recently, theoretical bounds for the neutrino mass and magnetic moment have been
calculated that could be tested in the new experiments [30]. In our considerations, we propose that magnetic
moment contributions to neutral and Majorana fermions can be obtained already at the tree-level approxima-
tion by means of non-minimal couplings. Besides the cases of the charged and neutral massive spin-1 particles
and the Majorana fermions themselves, another contribution we shall present in this work refers to the way the
(kF )µνκλ-parameter [1] may contribute to the magnetic dipole moment of neutral vector bosons. This result
shall be used to give us a possible experimental bound on the magnetic moment of a neutral massive spin-1
particle.
One of our motivations to consider the magnetic moment contributions from Lorentz-symmetry breaking for
massive neutral particles is partly based on the fact that this issue is always discussed in connection with (loop)
radiative corretions in field-theoretic models. Our focus is to set up a discussion, at the level of Quantum
Mechanics which, in field theory, would correspond to the generation of magnetic moment contributions (for
neutral particles) at the tree-level. We understand that, in a scenario where the Lorentz covariance is violated,
the symmetry breaking parameters may be responsible for the appearance of a magnetic moment for neutral
particles at the tree-level. So, we adpot this scenario to discuss magnetic properties of neutral particles at the
quantum-mechanical level. We stress that this is one of the main goals of our work. Indeed, the discussion on
magnetic dipole moments for neutral particles is a question of relevance in connection with results coming from
some Physics Beyond the Standard Model. Finally, we would like to point out that the paper of ref.[31] reports
an interesting calculation of the photon magnetic moment in connection with (external) strong magnetic fields.
The organization of our paper is given as follows: in Section II, we briefly report on the attainment of the value
2 for the gyromagnetic ratio for massive charged spin-1 bosons non-minimally coupled to an electromagnetic
field. In Section III, we introduce the Lorentz symmetry violation term and we discuss the magnetic moment of
a neutral massive spin-1 boson non-minimally coupled to the background associated to the breaking of Lorentz
symmetry and an external electromagnetic field. A (kF )−contribution to the magnetic moment of spin-1 bosons
is also reported in this Section.The discussion involving Majorana fermions is carried out in Section IV. Finally,
we cast our Concluding Remarks in Section V.
3II. MASSIVE AND CHARGED SPIN-1 FIELD.
We start off from the Lagrangian that describes a massive charged vector matter field, Wµ, minimally coupled
to an external electromagnetic field as below:
L = −
1
2
(Wµν)∗Wµν +m
2(Wµ)∗Wµ, (1)
where Wµν = DµW ν −DνWµ, Dµ = ∂µ+ ieAµ. The minimal electromagnetic coupling yields a wrong (g = 1)
gyromagnetic ratio: this may be found by considering the Pauli - type equation for the charged vector boson in
the presence of a magnetic field, namely,
1
2m
(
~p− e ~A
)2
Wi −
e
2m
~B · ~SijWj = EnrWi, (2)
where Enr means the non-relativistic energy, and ~Sij is the spin matrix:
~µ =
e
2m
~S , (3)
(Sk)ij = −iεkij . To by-pass the conflict of the gyromagnetic ratio, we have to introduce a renormalisable non-
minimal electromagnetic coupling [25]. The motivation for this new interaction term comes from the Electroweak
Theory: its SU(2)× U(1) gauge symmetry dictates the coupling between Aµ and the charged gauge bosons as
given below, after the spontaneous breaking of SU(2) takes place:
ieFµνW
µ∗W ν . (4)
This indeed cancels high-energy divergences and corrects the gyromagnetic factor to the right value g = 2, as it
should be. So, taking into account this new interaction, one may consider the vector field equation that follows:
DµW
µν +m2W ν + ieWµF
µν = 0. (5)
It directly implies the subsidiary condition DµW
µ = 0. In the non-relativistic limit, this condition yields:
W 0 ∼=
~p
m
· ~W −
e
m
~A · ~W, (6)
which shows that the time component of the W -field is of the order
(v
c
)
of its space components. It is worthy
to remark that, by considering the time component of the field equation above, one exactly arrives at the same
relation that follows from the subsidiary condition: we then go straight to consider the space components of
the field equation for Wµ. By properly carrying out the non-relativistic approximation, after some algebraic
steps, we show that the gyromagnetic ratio comes out with its correct value equal to 2:
1
2m
(
~p− e ~A
)2
Wi −
e
m
~Sij · ~BWj = EWi. (7)
In the course of these calculations, it becomes clear that the net effect of the non-minimal coupling, inherited
from the non-Abelian SU(2) symmetry of the Electroweak Theory, is to add up the piece which was missing
to yield the right value for g. We now turn into the discussion of the gyromagnetic ratio in situations where
there occurs violation of Lorentz symmetry. This is motivated by the fact that one may use magnetic moment
measurements of higher spin particles to get new bounds on the Lorentz symmetry violation parameter.
III. A LORENTZ-SYMMETRY VIOLATING BACKGROUND PARAMETRISED BY A
4-VECTOR, vµ
Assuming that the background vector couples to the electromagnetic field, the covariant derivative operator
can be modified to introduce a non-minimal coupling according to the expression below:
Dµ = ∂µ + ieAµ + igv
αF˜µα, (8)
4where F˜µα stands for the dual of the electromagnetic field strength. It is worthy to mention that Lorentz-
symmetry violation does not conflict with gauge invariance. Gauge symmetry is not violated by the action term
εµνκλv
µAνFκλ introduced by Carrol, Field and Jackiw[3]. So, if we are to consider the dynamics of charged
particles under the action of the electromagnetic field, a gauge covariant derivative must be adopted. In our
proposal, we go a step further: we extended the usual covariant derivative by adding up a term that implements
a (non-minimal) coupling of the particle to the external Aµ−field and, contemporarily, to the background
vector, vµ. The term vαF˜µα is clearly gauge invariant, so it does not harm the status of Dµ as a covariant
derivative. This means that a local phase transformation, eiα, performed on the charged matter fields acts upon
Dµ according to the usual gauge transformation of a genuine covariant derivative: D
′
µ = e
iαDµe
−iα.
In (1 + 2)D, due to the fact that the Levi-Civita tensor is a rank-3 tensor, the dual of the field strength is a
vetor; so, we can define a covariant derivative[29] as below:
Dµ = ∂µ + ieAµ + igF˜µ. (9)
A direct consequence of the non-minimal coupling introduced in Dµ is that scalar particles display a non-trivial
magnetic moment. Another contribution of this covariant (1 + 2)D derivative is the geneneration of electrically
charged vortices in the Abelian Higgs Model[29].
Based on the result referred to above, and considering that the vµ− background may, in some special case, lead
to an effective (1 + 2)D model
(
vµ =
(
v0, v1, v2, 0
))
, we then introduce the term igvµF˜µν as the 4−dimensional
counterpart (whenever there is Lorentz-symmetry breaking) of the non-minimal term studied in[29]. As a
consequence, we may investigate electrically charged vortices in the 4D Abelian Higgs model [14] and the
anomalous magnetic moment generation of spin- 1
2
particles also in 4-dimensional space-times[9].
The effect of the non-minimal interaction term above on a charged vector field, as considered in the previous
Section (but, now, with the covariant derivative modified as above), is to endow the particle associated to the
W -field with a universal magnetic moment given by
~µ =
1
2
g~v, (10)
as it is the case for the scalar and the spin- 1
2
, according to the results reported in the work of reference [9]. This
is a very peculiar outcome. Everything happens as if the presence of the background modifies the structure
of the particle and endows it with the universal magnetic moment given above. According to the previous
studies carried out by Colladay and Kostelecky´, in the works of reference [1], different particle species may have
different independent Lorentz-breaking parameters. Our non-minimal coupling present in Dµ is taken the same
for all charged particle species, for it accompanies the minimal coupling term in the covariant derivative defined
above. In the same way the minimal coupling is universal, our term gvαF˜µα follows the same pattern. What is
highlighted here is that its net effect, no matter which spin the particle possesses, is to yield the same value for
−→µ , as given above, in eq. 10.
This is also the situation in the case of neutral vector particles, once the non-minimal coupling above is
switched on. Indeed, to explicitly see this result, we take the simpler case where a non-charged (e = 0) massive
spin-1 particle is non-minimally coupled to the background and to the electromagnetic field as described in the
wave equation given below: (
∂µ + igv
κF˜µκ
)
Zµν +m2Zν = 0, (11)
where Zµ is the wave function of the spin-1 particle. The subsidiary condition in this case takes the form:
∂µZ
µ + igvκF˜µκZ
µ = 0, (12)
where we can notice that, differently from the Proca case, it sets up non-trivial relations among the Z-field
components. (Incidentally, by introducing an external electric field, we can get how the Aharonov-Casher (AC)
phase looks like.) In the non-relativistic limit, the subsidiary condition yields:
Z0 ∼=
~p
m
· ~Z −
1
m
(g~v × ~E) · ~Z, (13)
5where we point out the presence of a sort of AC term. By replacing the expression above for Z0 in the
space components of the Zµ-equations, and by properly keeping he terms that survive the non-relativistic
approximation, we get:
1
2m
[
~p+
g
2
(
~v × ~E
)]2
Zi = EnrZi. (14)
This result suggests that the quantity 1
2
g~v could be interpreted as the magnetic moment acquired by the neutral
particle due to the presence of the background vector, ~v. We can observe that the immediate consequence is the
appearance of a universal AC phase for different spins, by virtue of the breaking of Lorentz symmetry under
the particle point of view. Moreover, in the presence of an external electric field, ~E, the wave function of every
particle, charged or neutral, with or without spin, acquires a non-trivial phase given by g
2
(
~v × ~E
)
. To show
that the quantity 1
2
g~v is actually the magnetic moment, we consider our neutral vector particle under the action
of an external magnetic field, ~B. To do that, we take Eq. (11) and we switch on a constant magnetic field given
by
Fij = −εijkBk. (15)
From the subsidiary condition, we get that
Z0 ∼=
~p
m
· ~Z −
gv0
m
~B · ~Z, (16)
and, by means of this relation and the space components of Eq. (11) taken in the non-relativistic limit, the
resulting wave equation for the space components, Zi, reads as below:
~p 2
2m
Zi +
1
2
g~v · ~BZi = EnrZi, (17)
where it is easy to recognise the gyromagnetic ratio and to see that it gets the same expression as in the scalar
and spin- 1
2
cases, as we had already mentioned.
Before closing this Section and getting to the discussion on the Majorana fermions, we belive it is worthwhile
to mention another result valid for the case of the neutral spin-1 bosons, namely, the contribution of the
kF−parameter[1] to the magnetic dipole moment of this sort of particle, previously described by Z
µ(present
section).
The kF−violationg term modifies the Z
µ−field equations as given below:
DµZ
µν
−
1
2
k
νκλρ
F DκZλρ +m
2Zν = 0, (18)
where
Dµ = ∂µ + igv
αF˜µα. (19)
Following along the same steps as we have shown previously (Section II), we place the spin-1 particle in an
external magnetostatic field and consider the non-relativistic regime of the corresponding field equation to read
off its corresponding magnetic moment contribution. We calculate the subsidiary condition out of the equation
above and, by considering the space components of these field equations, where we insert the expression for Z0
coming from the subsidiary condition, we get, after some algebraic manipulations and the use of the conditions
for the non-relativistic regime, that the kF−parameter induces the correction given by
−→
B ·
−→µ ijZj, (20)
where the n-th component of −→µ ij is given by
(µn)ij =
1
2
gv0 (kF )nij0 . (21)
With this result, in our Concluding Remarks, we shall be able to present a bound on the Z0 ‘s magnectic
moment. For that, we propose a discussion on the magnetic moment of Majorana-type neutrinos in the sequel,
from which we will be able to get information on the product of parameters gv0. As for kF , we shall be adopting
a result presented in the work of ref. [32], so that an estimation of the magnetic moment given in the expression
above can be obtained.
6IV. THE CASE OF MAJORANA FERMIONS
Neutrino magnetic dipole moments in the Standard Model are calculated as radiative corrections and the tiny
values obtained from loop calculations may be used as good precision tests. In our case, we adopt the same
procedure followed to study the case of (massive) neutral vector bosons: we assume a tiny deviation from the
situation of Lorentz symmetry and we non-minimally couple the (neutral) Majorana fermions to an external
electromagnetic field and the background vector that parametrizes the breaking of the relativistic symmetry.
To implement this scenario, we set up the Dirac equation below for a Majorana spinor:
iγµ(∂µ + igv
νF˜µνγ5)Ψ −mΨ = 0. (22)
The introduction of the chirality matrix in the non-minimal electromagnetic coupling is dictated by the Majorana
character of the fermion we consider. We adopt to work with the Majorana fermion by writing its wave function,
Ψ, in the Majorana representation for the γ-matrices:
γ0 =
(
σy 0
0 −σy
)
, γ1 =
(
iσx 0
0 −iσx
)
, γ2 =
(
iσz 0
0 −iσz
)
, γ3 =
(
0 i1
i1 0
)
,
γ5 = iγ0γ1γ2γ3 =
(
0 −i1
i1 0
)
. (23)
The charge conjugation matrix is C = −γ0; thus, in this representation, a Majorana spinor
(
Ψc = CΨ¯t = Ψ
)
exhibits 4 real components. We should remark that parity may be preserved despite the appearance of the
chirality matrix in the action term Ψ¯γµγ5Ψv
νF˜µν ; the particular property of v
µ under parity (vector or a
pseudo-vector) may be suitably chosen so as to make this term parity-preserving.
As first step, we must probe the neutral particle by subjecting it to an external magnetic field, F˜0i = ~B.
This shall reveal the (eventual) contributions of the Lorentz-symmetry violating parameters, v0 and ~v, to the
magnetic moment of the neutral fermion. We start of from the coupled Dirac’s Eq. (22) ,
(
γ0E − ~γ~p−m− g~v · ~Bγ0γ5 + gv
0 ~B · ~γγ5
)
Ψ = 0 (24)
The coupled Dirac´s equation equation above splits up into 2 equations for the 2-component spinors, ξ and χ.
They read as follows:
Mξ +Nχ = 0,
P ξ −Qχ = 0 (25)
where
M ≡ m− Eσy + ipxσx + ipyσz + gv
0Bz; N ≡ ipz − ig~v · ~Bσy − gv
0Bxσx − gv
0Byσz,
P ≡ −ipz + ig~v · ~Bσy + gv
0Bxσx + gv
0Byσz ; Q ≡ m− Eσy + ipxσx + ipyσz + gv
0Bz; (26)
χ = Q−1Pξ;(
M +NQ−1P
)
ξ = 0. (27)
Using the quaternionic unities [33], we cast the operators M,N,P an Q in the form below:
M ≡
(
m+ gv0Bz
)
+ pxI + iEJ + pyK;
N ≡ ipz + igv
0BxI − g~v · ~BJ + igv
0ByK,
P ≡ −ipz − igv
0BxI + g~v · ~BJ − igv
0ByK;
Q =
(
m+ gv0Bz
)
+ pxI − iEJ + pyK. (28)
7The (M + NQ−1P )-operator, that yields a Pauli-type equation, is worked out, but, by analyzing its explicit
form, the magnetic moment cannot be properly identified. This shows us that the Majorana representation
is not suitable for the sake of taking the non-relativistic approximation. We better go over into the (usual)
Dirac ’s representation and we also propose a more general situation, where we try to compare the competitive
effect of two non-minimal couplings that may be contemporarily present in the Dirac´s equation for a Majorana
fermion; both the couplings are collected in the expression below:
iγµ(∂µ + igv
νF˜µνγ5)Ψ + g˜FµνΣ
µνγ5Ψ−mΨ = 0. (29)
So, from this complete equation, we follow the necessary steps to work out the non-relativistic approximation
and to arrive at a Pauli-type equation for the ξ-component. By properly treating the terms that dominate
in the non-relativistic limit and taking care of the relations imposed by the Clifford algebra, we find out the
non-relativistic equation for ξ, which turns out to be:
i~
∂
∂t
ξ =
{
1
2m
(
~p+ 2 g˜ ~σ × ~B
)2
+ g v0~σ · ~B − g ~E · (~v × ~σ)− g˜ ~σ · ~E
}
ξ. (30)
The expression above opens up a number of interesting remarks on the (non-minimal) electromagnetic effects
of the spin of a neutral self-conjugated fermion. We identify the interaction term that leads to the magnetic
dipole moment as being given by g v0~σ · ~B; this then shows that, instead of the space component, ~v, it is now
the time component, v0, the responsible for the magnetic moment generation, and the Pauli-type coupling (the
one given by g˜) does not contribute to the magnetic interaction as in the ordinary case. Instead, it induces a
coupling to the electric field and a new type of phase (Φ) in the fermion wave function, given by
Φ =
2 g˜
g v0
∫
d˙~l · (~µ× ~B). (31)
V. CONCLUDING REMARKS
The main effort in our work has been to show how, in an environment where Lorentz symmetry is violated,
truly elementary neutral particles may show up magnetic properties only due to their spin, once non-minimal
couplings to the electromagnetic field are allowed. The background vector responsible for the Lorentz-symmetry
violation couples to both the electromagnetic field and the particle itself and then the electromagnetic properties
of the spin are revealed through Aharonov-Casher and Pauli-type couplings of the magnetic dipole moment of
the particle. For charged spin-0, spin- 1
2
, spin-1 particles and neutral vector bosons, we have seen that there
appears a universal magnetic dipole moment for each particle, ~µ = 1
2
g~v, as a result of the presence of the
background vector. Nevertheless, other contributions for the magnetic moment may be derived which depend
on the type of the particle, as discussed in the treatment of the Majorana fermion, for which the non-minimal
coupling with the presence of the chirality matrix produced a new sort of phase which involves the magnetic
field. This means that, for neutral particles like the neutrinos, the tiny magnetic dipole moments they have (less
than 10−10 Bohr magnetons), which in the framework of the Electroweak Theory are understood and computed
as an effect of the radiative corrections, may also be attributed to possible effects of an eventual violation of
Lorentz symmetry. What we conclude is that purely electromagnetic effects of the spin may emerge if neutral
particles interact with an external electromagnetic field via a background that realizes the tiny breaking of
Lorentz symmetry. In the present paper, this has been done for a background vector; however, from our results,
we can safely state that the same conclusions hold through if the Lorentz-symmetry breaking background is of
a tensor nature.
With the result on the magnetic moment for Majorana-type fermions presented in the previous Section, and
the experimental bounds on the neutrino magnetic moment[34], we can set a bound on the product gv0, namely,
gv0 < 0.9× 10−10µB . By considering the results of the work of ref. [35], and a recent paper by Klinkhamer and
Shereck [32], it is reasonable to take the bound
∣∣∣(kF )nij0∣∣∣ < 2× 10−7, so that we can get an estimation on the
magnetic moment for Z0: µ(Z0) < 1, 65× 10−14µN , where µN stands for the nuclear magneton. In possess of
8the results presented in this work, we are now concentrating our efforts to systematically get bounds on Lorentz-
symmetry breaking parameters from our investigation of their influence on the calculation of gyromagnetic ratios
and magnetic moments for different particle species, with special interest on the sector of neutral fundamental
fermions and vector bosons. These results shall be soon reported in a forthcoming paper.
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